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ON THE FRACTUFB OF A PLATE CONTAINING A CRACK 

P. M. Vi tvi tskiy and M. Ya. Leonov (L'vov) 

ABSTRACT. A s implif ied model of a s o l i d  body ( ref .  1) i s  
used t o  solve the problem of the f r ac tu re  of an i n f i n i t e  p l a t e  
containing a crack during tension by forces  perpendicular t o  the  
d i rec t ion  of the  crack. To determine the  c r i t i c a l  ( f r ac tu re )  
load, t he  authors obtained formula (19), which can be applied 
both f o r  idea l ly  b r i t t l e  materials, as w e l l  as f o r  materials i n  
which t h e  fractur ing process i s  accompanied by microplastic de- 
formations. G r i f f i t h ' s  formula follows from (19) as a spec ia l  
case. A consequence of formula (19) i s  t h a t  the  s t rength of a 
p l a t e  with a crack of very s h o r t  length i s  c lose t o  t h a t  of a 
defect less  plate ,  whereas Gr i f f i t h ' s  formula i n  t h i s  case gives 
an i n f i n i t e  value f o r  the  strength.  

1. An i n f i n i t e  p l a t e  with a 2 t-long crack ( s e e  f igure)  i s  subjected t o  
W e  

/516" 
continuous tension by forces perpendicular t o  the  d i rec t ion  of the  crack. 
w i l l  determine the  l e v e l  of t he  tension o, a t  which t h e  p l a t e  i s  destroyed. 

Let us assume t h a t  t he  mater ia l  of t he  
p l a t e  meets t h e  following conditions ( r e f .  1) : 
a) the m a x i m u m  normal tension does not exceed 
a cer ta in  magnitude o re fer red  t o  as the  d 

durabi l i ty  threshold of t he  material, i. e., 

=ma+ %; ( 1) 

b) the re la t ionship  between the  tension and 
the  deformations i s  governed by Hooke's l a w  
i f  the t e n s i l e  s t r e s s  i s  below od; c) i f  t h e  

t ens i l e  s t r e s s  reaches a point of deformation 
which meets t he  conditions of t he  l inear  theory of e l a s t i c i t y  and condition (l), 
cracks w i l l  appear i n  some places ( i n  the area of t he  weaker bonds); d) t h e  sur- 
faces of such cracks a re  e i the r  drawn t o  tension od, i f  the  distance between 

them does not exceed a ce r t a in  magnitude 6_,  or  they do not i n t e rac t  at a l l ,  i f  
~ C t h e  dis tance i s  grea te r  than 6 . 

C 

The magnitude 6 f o r  i dea l ly  b r i t t l e  (amorphous) materials 
C 

t he  following formula 

+e 

2T 6 -, 
Od 

i s  defined by 

Numbers i n  the  margin ind ica te  pagination i n  the  foreign t ex t .  



where T i s  the  surface energy of the  material. 

The magnitude 6 can be defined experimentally i n  the  case of many mater ia ls  
C 

whose destruct ion i s  accompanied by microplastic deformation. 
? 

2.  We know t h a t  no matter how s m a l l  t h e  load (om) on the  p l a t e  is ,  t h e  i 
e tension-deformation conditions developing near t he  ends of t h e  crack a re  such 

t h a t  condition (1) under Hooke's l a w  i s  not f u l f i l l e d .  Depending on the  so l id-  
body model i n  use, the  weak zones ( f i s su res )  developing a t  t he  ends of t h e  crack 
widen t h e  i n i t i a l  crack i n  
areas cr ( see  f igure) ;  the  

following formula 

d 

X"(X, rir 

t he  p l a t e  whose surfaces are drawn t o  t he  tension 
contour of the widened crack i s  thus defined by the  /517 

( 3 )  

The length 2L of the  widened crack i s  unknown; it must be defined i n  such a 
w a y  as t o  s a t i s f y  condition (1). 

We w i l l  use M. I. Muskhelishvili 's method ( r e f .  2) t o  f ind  the  so lu t ion  t o  
the  problem. 
follows i n  case of u n i l a t e r a l  tension of  t h e  p la te :  

We w i l l  f i n d  t h e  functions ~ ( 5 )  and $(c)  which are  expressed as 

The holomorphic functions cp,(C) and $,(c) of t h e  i n f i n i t y  are  defined by 
the  following formulas 

where 

The prese t  function f i n  t h i s  case i s  characterized by boundary conditions 
( 3 )  : 
2 



which r e f l e c t s  t he  plane z=x+iy with the 2L-long crack on t h e  external  p a r t  of 

c i r c l e  y i n  t he  plane c=pe , a=e i s  the  point  on y; oo=e when ia. ia,  i c u  

(9) 

Subst i tut ing ( 6 ) ,  (7)  and (8) i n  ( 5 )  and calculat ing the  required in tegra ls  
by the  known formulas, we f ind  functions cpo(c) and q0(c) which include ce r t a in  

invar iab le  items t h a t  do not a f fec t  the tension-connected deformation conditions, 
and t h a t  will hereaf ter  be disregarded. 
i n t o  account, we f i n a l l y  obtain 

Knowing these functions and taking (4 )  

- - --. - 

-\ 0; - 5 2  

-2 - 5 2  

- .. 00 

.(P(C)F= -I ‘  --Lo,( 1 c-?) + ,..4?* _ .  

\ 

The tension-connected deformation conditions of t h e  p l a t e  a re  defined by /518 
t h e  following formulas ( 2) : 
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where E i s  Young's modulus, v i s  the  Poisson coeff ic ient ,  andu and v the  t r ave l  
components on the  x and y &xes, respectively; 

where 

Subst i tut ing (10) and (8) i n  (13) and (ll), we f i n d  i n  pa r t i cu la r  

With 1xl=L, the  denominator i n  the  other invariable  of formula (14) equals 
The fulf i l lment  of condition (1) therefore  c a l l s  f o r  t h e  assumption t h a t  

Then from formula ( 9 )  we f ind  the  half- length of t he  widened crack 

zero. 

CY- . 
0 20d 

For such a value of L, the  tensions a t  the  ends of t he  widened crack a re  
continuous, i. e., Y (I.rt-O,O)=Y (L-O,O)=od, whereby the  normal tensions reach the  

m a x i m u m  magnitude o 
Y Y 

only i n  the  area of weakened bonds ( 151 X I  SL,y=O). d 

Knowing t h e  value of L, we w i l l  define the  tension i n  the  p l a t e  on the  bas i s  
of ( 8 ) ,  ( lo), ( 11) and ( 13) by the  following formulas 

I n  par t icu lar ,  on the  ac tua l  axis for  Ls1xl<a we have 

4 
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3. After  the  subs t i tu t ion  of (8), (10) and ( 15) it would be easy t o  use 
formula (12) t o  define the  magnitude of 6=2v(+1,+0) on which points  ( f t , + O )  and 
( f t , -0 )  of the  opposite crack surfaces w i l l  p a r t  as a r e s u l t  of the  deformation 

I f  6 exceeds the  c r i t i c a l  value 6 i n  accordance with the  adopted s o l i d  e' 

body model, the opposite crack surfaces w i l l  not i n t e rac t .  That means t h a t  t he  
f r ac tu re  i n  the  p l a t e  w i l l  continue t o  increase, developing the  destruct ive 
process. 
then f i n d  from (18) t h a t  

Thus the c r i t i c a l  load (oC) represents a om value whereby S=S . We 
C 

2 
n d  ac = - u arccos exp 

With oc<<o we f ind  from the  las t  formula t h a t  
d' 

With reference t o  b r i t t l e  materials, we f ind  from ( 2 0 ) ,  by defining 6 on 
C t he  basis of formula ( 2 ) ,  t h a t  

t h a t  i s ,  we obtain the  known G r i f f i t h  formula ( r e f .  3) .  

With t-, formula (21) produces i n f i n i t e l y  high oc values. There i s  no 

such drawback i n  formula (19) which leads t o  the  conclusion t h a t  with t*,o -'o 
C d' 

i. e., t h a t  the  s t rength of a p l a t e  with a "zero" f r ac tu re  equals t h e  s t rength 
of an unblemished p l a t e .  This i s  a trivial physical r e s u l t  which does not a f f e c t  
t he  contemporary generalizations of G r i f f i t h ' s  theory. 
of these general izat ions can be formed on the  basis  of G. I. Barenblat t ' s  s tudies  
( r e f .  4 ) .  

A more complete concept 

5 
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Inasmuch as t h e  destruct ive process apparently begins with the  formation 
of s m a l l  cracks i n  the  &rea of c r i t i c a l  concentrations of tension, t he  above- 
mentioned theories  a re  unsuitable for  an invest igat ion i n t o  the  or ig in  of t he  
f rac tures  as they deal  with i n f i n i t e l y  high values of strength.  A t  the  same 

icant  reduction i n  the  s t rength of t h e  p l a t e .  
b time, it follows from formula (19) t h a t  very s m a l l  cracks produce an ins igni f -  

Formulas (19) and (20) can be applied not only t o  b r i t t l e  bodies but a l s o  
t o  bodies i n  which the  destruct ive process i s  accompanied by p l a s t i c  deformations. 
I n  t h i s  case t h e  product 0 ~ 6 ~  indicates t h e  energy used i n  producing two surfaces 

with a s ingle  area by well-developed fractures  i n  such a body. Designating o 
6 by A, we w i l l  wri te  formulas (19) and (20) as follows: /520 

C 

2 / dEA u = -- a,arccosexp 
c d  .. 

The l a t t e r  formula, proposed by Orowan ( r e f .  5) ,  is  va l id  when o <<o c d' 

J u s t  l i k e  (19), formula (22) holds t rue  f o r  any oc values even when o 
same order as o 

i s  of the  c 
d' 
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